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ABSTRACT

We study g-functions and Riesz transforms related to the Bessel operators
Ay = —g k12D 2utl pap—p—1/2,

The method we use allows us to characterize the Banach spaces B for
which these operators are bounded when acting on B-valued functions.

1. Introduction

In the descriptive and deep paper [6], Muckenhoupt and E. Stein defined and
studied, in the context of orthogonal expansions, parallel objects to classical
Fourier Analysis, namely conjugate functions, maximal functions, g-functions
and multipliers. The technique involved the definition of the “harmonic exten-
sion” including a careful analysis of its kernel. Then they built a conjugate
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harmonic function and proved the existence of a boundary value function, the
conjugate function. They got LP boundedness of the conjugate function for p in
the range 1 < p < oo and some substitutive inequality in the case p = 1. This
method was followed later by different authors when defining classical operators
for orthogonal expansions. Five years later, E. Stein published his celebrated
monograph [8] where the same objects were again treated. They were handled
under a point of view (under our perception) based in a general analysis of a
“Laplacian”. He studied the “heat” and “Poisson” semigroups associated with
the Laplacian and, from them, he derived the rest of the operators by using
some spectral formulas.

In [1] this “semigroup approach”, suggested in [8], is followed when the (pos-
itive) Laplacian is the Bessel operator

2 p2-1/4
)

(1.1) Au=—gat

1
where p > —3

The operator A, is self-adjoint in L2((0, 00), dz) It can be written in divergence
form as

A, = —g P2 D2l D mim1/2 = AZAM,
being A, = z*t1/2Dx=#=1/2 and A= x =M 1/2Dgkt1/2 the adjoint operator
of A,. In [1], the Riesz transform R, = AMA;U2 is defined and studied. It is

shown, by means of the heavy use of some estimates from [6], that R, is in fact
a principal value Calderén—Zygmund operator

R,.(f)(z) = lim R, (z, dy,
(1.2) (f)(z) = lim e (@, 9)f (y)dy

ae. z € (0,00), feLP(0,00), 1<p<oo.

R,, being a Calderén-Zygmund operator, strong L?(0, c0) inequalities for 1 <
p < oo and the classical weak type (1,1) inequality are deduced. The method
used in [1] is good enough when dealing with L? inequalities for most opera-
tors associated with A, (e.g. g-function, Riesz potentials, multipliers). But that
method did not fully exploit the structure of the operators, since it took into ac-
count neither the underlying measure space ((0, c0)) nor the similarities between
the kernels of A, and the classical Laplacian. In this paper we present a method
which take care of both facts. The core of the method could be summarized as
follows: assume that a classical operator associated with A, is given by a kernel
bounded by |z — y|~!. Consider the kernel of the parallel operator associated
with the classical Laplacian —A = —d?/dx?. In the region 0 < x/2 < y < 2z,
the difference between both kernels is controlled by a positive function L(z,y)
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which is the kernel of a bounded operator. Then the boundedness of the version
of the operator associated either with A, or with —A implies the same property
for the other version. The concrete statement of this vague idea is explained by
Theorem 3.5.

In this paper we apply this method to characterize those Banach spaces B
for which either the Riesz transforms (see Theorem 2.1) or Littlewood—Paley
g-functions (see Theorems 2.4 and 2.5) are bounded when acting on B-valued
functions. Although we use the method explained above to obtain some geomet-
rical properties of Banach spaces, we also obtain new results in the scalar-valued
case (see Theorem 2.6).

We need to explain the extension of these operators to functions taking values
in a Banach space B. It is well known (and easy to check) that any positive
bounded operator T' on L?(Q) for all p € [1, 0o] naturally and boundedly extends
to Li(2) for every Banach space B, where L% () denotes the usual Bochner—
Lebesgue LP-space of B-valued functions defined on ). Indeed, this is clear
for p = 1 (via projective tensor product); the case p = oo is done by duality,
and the range 1 < p < oo by interpolation. With a slight abuse of notation
(which will not cause any ambiguity), we shall denote these extensions still by
the same symbol T'. Concerning the Littlewood—Paley g-functions, we extend
their definitions to B-valued functions f by ( [y~ [[t9;P.f(x)||3%)/? where it is
understood that P;, being linear and positive, has been extended to functions
taking values in B as before. Since the Riesz transforms are linear, they extend
in a natural way to the space B ® LP(0,00) as R, (D> bip;) = D biR,(vi), 1 <
p < o0.

The organization of the paper is the following. In section 2 we collect the
main statements of the paper. Besides the results we described above, it is
worth noting the characterization of the UMD property by using a kind of
local Hilbert transform (see Theorem 2.2). Section 3 contains the statements
and proofs of the technical theorems which we shall use in order to apply our
method. The rest of the sections are devoted to the proofs (sometimes rather
technical) of the main theorems in the paper.

Throughout this paper C always represents a suitable positive constant and
it can change from one line to the other.

2. Preliminaries and statements of the results

In the euclidean case, it is known that the extension of the Hilbert transform is
bounded from LE(R),1 < p < oo into itself or from L{(R) into weak-Lj(R) if
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and only if B satisfies the so-called UM D property; see [3] and [4]. Moreover, a
UM D space can be characterized by the almost everywhere convergence (¢ — 0)
oy|>e ﬁf(y)dy for every function in LE(R),1 <
p < co. We obtain the following parallel characterization of this property in

of the truncated integrals fl

terms of IR,.

THEOREM 2.1: Let B be a Banach space and p > f%. Then the following
conditions are equivalent:
(i) B isa UMD space.
(ii) For some (or equivalently, any) p, 1 < p < oo, R, can be extended as a
bounded operator from L5 (0, 00) into itself.
(iti) R, can be extended as a bounded operator from L} (0, 00) into Ly (0, 00).
(iv) For any f € L{(0,00), 1 < p < oo, then for almost every x € (0,00),
R, f(z) =lim.—o f\w—y\>a Ru(x,y)f(y)dy €B.

On our way to prove this theorem, we shall get as a by-product of the method
(in fact a corollary of Proposition 3.3) the following characterization of UM D
spaces. We think it is essentially known, but it does not seem to be stated in

the literature.

THEOREM 2.2: Let us define for functions f € B ® LP(R) the “local” Hilbert

transform as

2z
. Mdy, rzeR,
z/2 r—=Yy
and for f € B® LP(0,00) the “partial” and “partial local” Hilbert transforms,

respectively, as

H]ocf(z) =p.v

i)

—dy, z € (0,00).
z/2 % —Y

Hf(z) = p.v./ Mdy, Hioef (x) = p.v
o Y
Then, the following statements are equivalent:
(a) B has UMD property.
(b) Hioc is bounded from L%(0,00) into itself for some (or, equivalently, for
any) p € (1,00).
(c) Hioe is bounded from LL(0,00) into L™ (0,00).
(d) For any f € L(0,00), there exists Hiof(z) € B for almost every x €
(0, 50)
The same equivalence holds with H in statements (b)—(d) in place of Hjoc,
and also with H),. and R in statements (b)—(d) instead of Hj,e and (0, 00).

Let f be a function in L!(T), where T denotes the torus equipped with nor-
malized Haar measure df. The classical Littlewood—Paley g-function is defined
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for z € T as

ose = ([[a-reivr e e ) "

In this notation,

(0P, , 18P,
IVP + fO)l = (155 FOF + 155

2\ /2
“fO2)
where
_ 1—1r2
1412 —2rcosf
being the Poisson kernel for the disk. It is a classical result that for any p €

P.(6)

(1, 00) there exists a positive constant C), such that

Cy I flle(ry < 1F(0)] + NG fllzeery < Cpll fllzr ().

When the functions f take values in a Banach space B, this equivalence holds if
and only if B is isomorphic to a Hilbert space. However, for a general Banach
space, one of the two inequalities can be true. The study of these one-sided
inequalities is the main objective of [10]. More generally, Stein introduced the
following generalized “Littlewood—Paley g-function”

61 = ( (1=, f(z)llféldrr)l/q-

Then B is said to be of Lusin cotype ¢ (resp. Lusin type ¢) if there exist
p € (1,00) and a positive constant C' with [|G?f[|rs(r) < C|flle(r) (resp.
I fllzeery < C(If(0)s + IGfllLr(T))). It is not difficult to see that if B is of
Lusin cotype ¢ (resp. Lusin type ¢), then 2 < ¢ < oo (resp. 1 < ¢ < 2). It is
proved in [10] that the definition above is independent of p; in other words, if
one of the inequalities above holds for one p € (1,00), then so does it for every
p € (1,00) (with a different constant depending on p). The main result of [10]
states that a Banach space B is of Lusin type ¢ (resp. Lusin cotype ¢) iff B is of
martingale type ¢ (resp. martingale cotype ¢). See [10] for the definition and ref-
erences about the martingale type and cotype properties. In R, the generalized
“Littlewood—Paley g-function” can be defined for any ¢ > 1 as

st = ([T evresepd) "

where [|VP, x f(z)|g2 = ([|0:P; * F@)|I2 + 10 P; * f(x)||3)"/? and, here and in

the sequel,
1 t

Al =t pre
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denotes the kernel of the Poisson semigroup for the upper half space. Then B is
of martingale cotype ¢ (resp. martingale type ¢) iff for some (equivalently every)
p € (1,00) there is a constant C' with

lg*(Nlr@my < Cllfllzmy  (vesp. [ fllz@e < Cllg?(FllLr@ny)-

See [5]. Even more, the equivalence of the strong type (p,p) and weak type
(1,1) are proved. Also, it is seen that it is equivalent to consider either g7 or
the “partial” g-functions

> dt\
i@ = ([ arsait)
and

o0 1/q
s = ( [ 1oy

to characterize Lusin type or cotype properties.

The results in [10] were extended to general markovian symmetric diffusion
semigroups (see [5]) and a general Littlewood—Paley theory was developed for
these semigroups. A markovian symmetric diffusion semigroup is a collection of
linear operators {7;};>o defined on J, LP(f2, du) over a measure space (€2, dp)
satisfying the following properties: 7o = Id, 7;75 = Tivs, || 7ellnr—rr < 1 for all
p € [l,00], limy_oZ;f = fin L% forall f € L2, T, = T, on L?, T, f > 0if f > 0,
7:1 = 1. The corresponding Poisson P, semigroup defined by subordination is
again a symmetric diffusion semigroup; see [8].

Remark 2.3: Our Poisson semigroup does not fit in the theory developed in
[5], since it is not markovian. The eigenfunctions of A, are {¢,},~0, where, for
every y > 0 (see [11, (6) and (7), p. 129]),

(2.1) oy(@) = (y2)" 2 Ju(yz) and Aupy(z) =y e, (2),

Ju(z) being the Bessel function of the first kind of order p. The Poisson kernel
p, associated with A, is

(2.2) m@%@ﬂm6%M@%@M,uLy€@m)

The corresponding Poisson integral was considered in [7] (and more recently in
[2]). It is defined by

RmUWﬁ:/wm@LMﬂw@,uzémm%

0
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where f is a suitable function. This Poisson semigroup is not Markovian. In-
deed, since x(9,0c) € L>(0,00), the function u(t,z) = P, +(X(0,00)) () satisfies
the Laplace type equation A, ,u — §%u/dt> = 0 (]2, Remark 2.5]). It is not
hard to see that the function v(t,x) = 1, ¢, € (0,00), is not a solution of the
last partial differential equation.

Given a Banach space B, in analogy with the classical case, for any 1 < ¢ < oo
we define the generalized (“Bessel”) g-function

oo d 1/q
@) = ([T Iwras@ing)

where
IVPus(F) @)z = (10ePe f (@)1 + 1| Appa Pt f () [7)2.

We will also consider the “partial” generalized g-functions

1/q

& d
@ = ([ Iorus@1st)

and
> dt\ '
@) = ([ WAnaBus@l )
We have the following parallel result to the euclidean case.

THEOREM 2.4: Let B be a Banach space, 2 < q¢ < oo and u > —%. Then the

following statements are equivalent:
(i) B is of Lusin cotype q.

(ii) For every (or equivalently, for some) p € (1,00) there is a constant C > 0

195 (P Lo ((0.00).dz) < CllflLe((0,00),d2)s Y € L((0,00), d).

(iii) There exists a constant C > 0 with

HgZ(f)HLl“((O,oo),daz) < CHfHL-l_((O,OO),dI)v Vf € LllBl,((Ovoo)vdI)

(iv) For any f € Lg((0,00),dx), g4 f(x) < oo for almost every x € (0,00).
The same equivalences hold with g . or gZ,t instead of gf, in (ii), (iii) and

(iv).

The result concerning the Lusin type property of the space is as follows.



266 J. J. BETANCOR, ET. AL Isr. J. Math.

THEOREM 2.5: Let B be a Banach space, 1 < ¢ < 2 and p1 > —%. The following
statements are equivalent:
(i) B has Lusin type gq.
(ii) For some (or equivalently, for any) p € (1,00), there exists C > 0 such
that

[ £lze0,00) < Cllgjs 1 £l Lr(0,00)-

As a consequence of Theorems 2.4 and 2.5 and the fact that R is of Lusin
type 2 and Lusin cotype 2, we get the following result of independent interest.

THEOREM 2.6: Let 1 < p < oo and u > —3. Then there exists a constant

2
Cp > 0 such that

Co e 0,00) < N9 fllLeo,00) < CollfllLr(0,00)-

3. Technical tools

The operators H; and Hs will denote the classical Hardy operators
1 [* . <1
B i@ = [ Sy aditsdual Haf@) = [ f)d,
0 T

which are known to be bounded on LP(0,00), 1 < p < oo and from L'(0, c0)
into L1:°°(0,00) (see [12, p. 20], for 1 < p < oo; the case p = 1 is clear.)

Definition 3.1: Let B; and Bs be a pair of Banach spaces, and K (z,y) be a
function defined in R x R with values in £(B;,By). We say that an operator T'
is a principal value operator in R with associated kernel K(z,y) if

Tf(x)= giil%TEf(ac) = lim K(z,y)f(y)dy,x € R, for f € By @ L°(R).

e—0 |lz—y|>e

Definition 3.2: Let B; and By be a pair of Banach spaces, and K (x,y) be a
function defined in (0,00) x (0,00) with values in £(B;,By). We say that an
operator 7. is a local principal value operator in (0, co) with associated kernel
K(z,y) if

ﬁocf(-r) - Elg% 7:3,100.]((1") = ig% 2 y>e K(Jc,y)f(y)dy,
0<x/2<y<2x

x € (0,00), for fe B @ LX(0,00).
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PROPOSITION 3.3: Let By, By be two Banach spaces and K (x) be an odd or
even L(By,By)-valued kernel, satisfying || K (z)||z@, B,) < Clz|™'. Assume the
existence of the principal value operators T and 7Tj,. with associated kernel
K(x —y) in R and in (0, 00), respectively. Then, the following hold:

(a) Let p be in the range 1 < p < oo. For any f € Lﬁl (R), there exists
Tf(z) =limeoT.f(z) a.e. © € R, if and only if for any f € Lﬁl (0, 00),
there exists Tjoc f(x) = lime_o Tz jocf(z) a.e. z € (0,00).

(b) Let p be in the range 1 < p < co. T is bounded : Ly (R) — Lg (R) if
and only if Tj,c is bounded : Lg (0,00) — Lg_ (0,00).

(c) T maps Ly, (R) into LfB’:O(IR) boundedly if and only if Tj,c maps Lg, (0, 00)
into L%B;;O (0,00) boundedly.

Proof: Let f € L% (R) and denote f(y) = f(—y). For every ¢ > 0 denote
Ke(z) = K(2)X . OO)(|ac|) We can write

z) = / T Ko - ) fw)dy
:/_ K.(z—y)f(y)dy + /OOO Ke(x —y)f(y)dy

_ /0 K+ ) Fn)dy + T (X o)) (2)

(32) = / AR~ — )0y + T (X ) (2)

==£ TE(fX(o,oo))(_m) + Ta(fX(o,oo))(x)
==+ Te(fX(o,oo))(_x)X(_oqo) (x) £ T (fX(o,oo))(_x)X(o,oo)(x)

+ Ts(fX(oyoo))(x)X(foo,o) (x) + TE(fX(oyoo))(x)X(o,oo) (:L‘)
=I+1I+1I1+1V.

For the terms I1 and I11 observe that
ITe(FX 000 (=) X f0.0) (@) 5
< [ 1= = )l sl F ) 49X @)

= [ 1o+ )leta o0 1Pl X .y o)
(3.3) < [ S 10 i @)

()5

F) Iy dYX (0,00 (%)
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< ([ S1iwlsans [ Shitady) xio@
= COHLIFX 0.y 13) () + Ha(LFX 000 150D X (0.0 (),

where Hy and Hy are the Hardy operators defined in (3.1). By a similar calcu-
lation, we have

(3.4)

HTa(fX(oyoo))(x)X(fooyo) (@) |8,

oo C 5
< / T Wl X (@)
< OO X om0 13 (21) + H2 (X (0.0 ) (21X 0 ().

In order to handle term IV, we write

e (fX(OpO))(x)X(O’OO) (x) - /zy>€,0<y<z/2 K(x - y)f(y)dyX(OQO) (x)

+ ,TE’IOC(fX(Ovoo))(x)X(O,OO) (ZL‘)
K(x — d .
i /|a:y|>s,29:<y (:L‘ y)f(y) yX(O,oo)(z)

By taking norms inside the integrals, the first and third terms in this sum verify

H / Kz =y)f(W)dyX g,00) (@)
|z—y|>e,0<y<z/2 By

"

/ K(z = y)f@)dyX (g,00)(®)
lz—y|>e,2z<y B,

< CHL (| Fllm ) (€)X (0,00 () + Ha (|| fllm ) (2) X (0,00 (%))-

We can proceed in the same way for I. Summarizing, we have obtained

Tof (@) = % Teaoel X (0.) ()X (o 0®)
+ Z,IOC(JCX(QOO))@)X(Q,OO)(m) + Q:(f) (@),

where Q). is a sum of integral operators and

1Qe(f)(@)l[B, <C((Hi(IlfX (0,00 I8 ) () + Ha(LFX (0,00) 12 ) (#)) X (0,00) (%)
(LT 0y ) )+ Ha(LFX (0,0l ) (ZD)X 0 (2))
=F(x).
Then, (a) follows. By taking limits in (3.5), we get

Tf(l‘) == ﬁoc(fX(oyoo))(_x)X(foo,o) (.Z')
+ Tloc(fX(opo))(x)X(o,oo) () + Q(f)(x),
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where (Q satisfies

1Q(N) (@)=, < F(z)
Then, (b) and (c) follow. |

As we mentioned in the previous section, the clearest example of an operator
T in Proposition 3.3 is the case in which B; = By and K(z) = 2~ !. Then we
get Theorem 2.2.

The g-functions gf and g¢ can be seen as vector-valued operators given by
convolution kernels. In both cases, By = B, By = L{((0,00),dt/t). g{f(x) =
([t0: Py * f(t )| L2((0,00),dt/t) and gL f(z) = [[t0x Py * f(t )| 22 ((0,00),dt/t)» Where
t0 Py * f(x) = [o Ki(t,x —y) f(y)dy, and 0, P = f(x) = [ Ka2(t,x —y) f(y)dy.
Moreover, 1f f € By ® L°(R), then

K ) f(y)dy = lim Ki(t,x —y)f(y)dy, i=1,2.
70 je—y|>e

It is easy to see that Ki(t,—x) = Ki(t,x) and Ka(t,—x) = —Ka(t,z). More-

over,

1 [ 22— |“dt
q _ = e S heid
(3 6) HKl(t’x)HL%((O,oo),dt/t) = 7r/O ’t(ZEQ +12)2| ¢t
) 1 /°° 1—u? |“du C
e u _ = —
mzle o [T (T4+u?)?] w2t

The same holds for K9 by an analogous calculation. Thus, the vector-valued
operators given by K;, i = 1,2 satisfy the hypothesis in Proposition 3.3.

The same arguments which lead to Proposition 3.3 easily give the following
proposition.

PROPOSITION 3.4: Let By, By be two Banach spaces and K (x,y) be a L(By, By )-
valued kernel, satisfying || K (x,y)|lz@, p,) < Clz —y|™'. Let us assume that
there exist the principal value operators T and Tj,. (see Definition 3.2) with
associated kernel K (x,y) in (0,00) (both T and Tjoc). Then, the following hold:
(a) Let p in the range 1 < p < oo. For any f € Lﬁl (0,00), there ex-
ists T f(x) = lim.,0Z: f(x) a.e. x € (0,00), if and only if for any f €
Lg, (0,00) there exists Tiocf (x) = lime o 7 ocf () a.e. x € (0,00).
(b) Given p € (1,00), T maps Ly (0,00) into Lg (0,00) for p € (1,00) if and
only if Tjo. maps Ly (0,00) into Lg (0,00).
(c) T maps Lg (0,00) into Lé;w(o,m) boundedly if and only if Tj,c maps
L, (0,00) into L]E;OO(O, 00) boundedly.

Our method crystallizes in the following theorem.
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THEOREM 3.5: Let By, B, be a pair Banach spaces. Let us consider prin-
cipal value operators T and S on R and (0,00), respectively, with associated
kernels T(xz — y) and S(x,y), satistying that |T(z — y)||z@, By < Clz —y| ™,
I1S(z,y)|l 28y o) < Clz —y|~" and T being an odd or even function. Assume

1T ~y) ~ Sl 2@ ) X (o2 ) < Nay),  forz >0,

where N is the kernel of a bounded operator on LP(0,c0) for every p € [1,00).
Then:

(a) Givenp € [1,00), for any f € Ly (R), there exists T f(x) = lim. o T. f ()
a.e. ¢ € (0,00), if and only if for any f € Lﬁl (0, 00), there exists Sf(x) =
lim. ¢ S: f(x) a.e. x € (0,00).

(b) Let 1 < p < oco. T maps Ly (R) into Ly (R) if and only if S maps
Lg, (0,00) into Ly (0,00).

(c) T maps L} (R) into L™ (R) boundedly if and only if S maps L} (0,00)
into Lé{;o (0,00) boundedly.

Proof: The theorem is a consequence of Propositions 3.3 and 3.4. |

Given a > 1 and ¢ > 1 we will consider the operator
Luaf @) = [ Lualo)f )i,
0

Loa(a,y) = X(%,aw)(y)\/%_y(l + <log (1 + |Jciiyyp))l/q).

It verifies the following lemma.

(3.7)

LEMMA 3.6: Let ¢ > 1 and a > 1. The operator Ly, is bounded on L?(0, o)
for 1 < p < 0.

Proof: By the Marcinkiewicz interpolation theorem, it is enough to check that
Ly.q is bounded on L'(0,00) and in L>(0, 00). Clearly, we have

[1Lg.afllz S/O 1Lg.a(s9)ll @) f(y)ldy < sup )||Lq7a('ay)”Ll(daz)Hf”Ll

y€(0,00
[Lgafllze < sup / |Lg,a(@, )I|f ()l o dy
z€(0,00) JO

< sup |[|Lga(®,)l[L(ay)ll f] Lo
z€(0,00)
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L, o(x,y) is a symmetric function, and for o € (0, 1) such that 2a/q < 1 we get

1/q
z
sup HL 1a('7y)HL1 = —dz + (log (1+7)) )dz
veO) 1/a \/_ 1/a V7 |1 — 2|2

P a/q
gc+c/ (1+72) dz<oco. N
1/a |17'Z|

4. Proof of Theorem 2.1

By Theorem 3.4 in [1], R,, is a principal value operator in (0, c0) in the sense of
Definition 3.2, with associated kernel R, (x,y) given by

o0 d o
0

_ 2'u+1(xy)“+1/2/w (ycosz — x)(sin 2)
T (22 + y2 — 22y cos z)H+3/2

2p

dz.

This kernel verifies (see Proposition 4.1 in [1]) |R,(z,y)| < C/|z — y|. Hence,
by using Theorem 3.5, in order to prove Theorem 2.1, it is enough to show

‘R (@,y) = ——— ‘X{z/kym}( ) < CL(z,y),

where L is a kernel such that the operator L f(z fo x,y) f(y)dy is bounded
on LP(0,00) for every p € [1,00). This 1nequahty is a dlrect consequence of
Lemma 3.6 and the following estimate:

1 /T
+O<—<1—|—log+ L )), x/2 <y < 2.
y x lz =yl

1
Ru(xay) = ;ZL‘ —

See section 3 in [1] for the details.

5. Proof of Theorem 2.4
Let g satisfy 2 < ¢ < o0.

5.1 PROOF OF THEOREM 2.4 FOR gzyt. Analogously to the classical case
9po (@) = [[t0e Pyt (f) ()]l L (0,00 dt /1)

LeEMMA 5.1: The vector-valued operator t0; P, ; is given by the kernel

toipu(t, x,y).
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Moreover, |[t0ipy(t, ,Y) || L1((0,00),at/0) < C/lz —yl.

Proof: It is known (see [6, (16.4)]) that the Poisson kernel associated with A,
given by (2.2), has the following expression for x,y,t € (0, 00):
(5.1)

(2u+ 1)t L ™ (sin z)2#
+ _ p+1/2 dz.
pu( ST, Y) . (zy) o |z —y]2 + 2 + 2zy(1 — cos Z))“+3/2 <

Let f € L°(0,00). Define

0
g,u(ta z,Y, Z) = a(

(2M+ 1)t (zy)u+1/2 (Sinz)Qﬂ )
T (Jz — y|2 +t2 4+ 22y(1 — cos z))w+3/2 )"

For fixed ¢t and z in (0, 00),

C .
lgu(t,z,y, 2) f(y)] < yEnE (zy)" /2 (sin 2)?| f (y)| € L*((0, 00) x (0, 7), dy x dz).
This guarantees

atp,u,tf(z) - /0 8tp,u(ta z, y)f(y)dya

where
(5.2)
8tp#(ta z, y) =
M(ch)wlm /7r (sin z)2#dz
4 o (Jz—y|2+ 2+ 2zy(1 — cos z))H+3/2
et 1)@Ep+3) , Y /ﬂ (sim =)z
T o (Jz —y|2+2 4+ 2zy(1 — cos z))nt5/2"

The following estimate will be useful now and in the sequel. By the change
of variable

Yy
u=z m,
if 28 —a > 1, we get
(5.3)
(zy)“+1/2 /“ 2 »2uta < C 1 _ ’
o (@ + B ey S g (o= g+ B @

t,z,y € (0, 00).
Then, by (5.3),

221 dz

@ — Y2 + 12 + wy2?)r 372

/2
[t0pyu(t, 2, y)| < Ct(wy)+/2 / :
0

< Ct
Tl -y
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HGDCG, Htatpu(twray)HLq(dt/t) < C|.I' - y|_1' i

The proof of Theorem 2.4 will be concluded by an application of Theorem
3.5. The former lemma applies to S(z,y) = tO:p,.(t, z,y), acting from B into
Lg((0,00), dt/t), with norm less than |[t9;p,.(t, z, y)|lL3((0,00),at/¢)- By the esti-
mates in (3.6), it remains to compare the kernels of g and gZ,t in the region
x/2 <y < 2x. This is done in the following lemma.

LEMMA 5.2: There exists a constant C' > 0 such that
||tatp,u(ta Z, y) - tatpt (:L‘ - y)HLq((O,oo),dt/t)X(m/QQm)(y) < CLq(IL‘, y)a
where Ly is the kernel of a bounded operator on L?(0,00), 1 < p < 0.

Proof: Clearly, by Lemma 5.1 and the estimates in (3.6), it is enough to see
that there exists a > 1 with

(54) Htatp,u(ta &€, y) - tatpt(z - y)||Lq((O,oo),dt/t)X(z/aﬁaz) (y) < CLq,a(xa y)a

where L, , is defined in (3.7). The value of a is fixed in Step 3 below. We split
the Poisson kernel as follows: p,, = p,1 + pu,2 by splitting the integral at 7/2.
Then we have

tatp,u,l (t; z, y)

:—(Q,U/ + 1)ﬁ($y)#+1/2 /7‘—/2 (Sinz)zu‘dz
™ o (Jz—yl2+ 12+ 2zy(1 — cos z))rt3/2
_ (2p+1)@2p+3) t3 (xy )P H1/2 /W/Q (sin 2)*dz
7 o (lz —y]2+ 2+ 2zy(1 — cos z))#t5/2"

Let us also consider the following kernels K;, ¢ = 1,2. In the kernel t0;p, 1 we
replace sinz by z and denote the corresponding kernel by K (¢, x,y), i.e.,

20 + 1 /2 21
Koty y) = 21 tat(t(zyw*”? / : 2 )
0

T |z — y|2 + t2 + 22y (1 — cos z))H+3/2
The kernel
Kolt,,y) = 20 + 1t8t (t(zy)“+1/2 /ﬂ/2 228 )
m o (z—yPP+ 12+ ayz?)pts/2

is obtained from K by replacing 1 — cos z by 22/2.
For 0 < x/a < y < ax, we split the left-hand side in (5.4) as
1t0ep(t, @, y) — t0: Pi(x — y) || Laaesey < 1E0ppa(t, 2, y) — Ki(t, 2, 9)| Laca e
+ [ K1t z,y) — Kot 2, y) | Laqayey + |1 K2(t, 2, y) — t0Pr(x — )l Lacarse)
+ [t0spp2(t, 2, y) || La(aryyy = A+ B +C+ D.
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STEP 1: A: Since sinz ~ z and |sinz — z| ~ 23, for z € (0,7/2), by using the
mean value theorem and then (5.3), for 0 <& < 2u+ 3,
(5.5)

w/2
[tOwppi(t, x,y) — Ki(t, z,y)| < C’ﬁ(l.y),qul/Q/ :
0

- Ct
= (@) (|l =y +2)2

22t2—e gy

|2 — y|? + 12 + zyz?)pts/2

This inequality holds for every ¢,z,y € (0,00) with an absolute constant inde-
pendent of ¢,  and y. In particular, if we choose ¢ = (¢ —1)/q for 0 < t < \/zy
and € = (¢4 1)/q for \/Ty < t < 00, we obtain

Htatpu,l(ta z, y)le (ta z, y)”%q(dt/t)
NET $+a—1
SC{A (@)@ 3z g2 + 2ya D2

o0 tqfl
+/%guwWAV%u—yP+ﬁxwwﬂﬁ]
<C(zy)~ V2.

STEP 2: B: Again, using 1 — cosz ~ 22/2 and |1 — cosz — 22/2| < Cz4,
z € (0,7/2), for 8 > 0, by the mean value theorem
1 1
(Jo = yI> + 12 + 20y(1 —cos 2))# 8 (lz —y[2 + 2 + wyz2)rts
< Czyz*
T (Jr =yl + 2 4 ay?))pr

From here it is easy to see that, for 0 < e < 2u + 3,
224y
|z — y[? + 12 + ayz2)pto/2
22 t2—e gy

|7 — y|2 + 12 + xyz2)pt3/2

/2
[K1(t,2,y) — Ka(t, 2, )l gC(zy)M+3/2t/ :
0

/2
< C(wy)““”t/
o
This is the estimate in (5.5), hence as in (5.6), we get

||K1(t,l',y) - K2(t7x7y)”Lq(dt/t) < C/\/l‘y

STEP 3: C: In this very part the comparison with the classical g-function
takes place. For fixed z,t, and y # x, we have, by the change of variable

Ty

u==z 7(zfy)2+t2,
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2‘LL +1 w/2 21
Kot = o, ¢ “*1/2/ d
2(t, 2, y) . t( (zy) o ((m—y)2+12 4+ ayz2)nt3/2 z

_ 2p+ 1t / m u?tdu

= - t y|2+t2 1+u2)ﬂ+3/2 .
As

0o w2k
1= (2/~L + 1)/0 Wdu,
it implies
14 o utdu
Kattsa.) 10~ )] =C |0, (s | e )|
s Ly — ) _ Y
R =

< Ct /°° 2ty
“le—yP+£2 /s - (1 + u2)n+3/2

2\ Jo—y|2+£2
C(xy) +1/2
(|2 = y[? + 12 + wy)rt3/2
:Nl(ta z, y) + NQ(ta z, y)

By the same trick as the computation in (5.6),

t
=y + 12+ ay

q 1/q
%) < ¢

N LI Y q S C</ =~
N2 (s 25 9) | Lot ey ; N

To get the desired estimate for the kernel N7, we write, for some positive g > 0,

1 1
Sov/ZY dt\ o dt\ =
¥l < ([ WD) ([ mcaned)
0 80+/TY

=I+1I
For the first part we would like to have u?*/(1 + u?)**1/2 decreasing for

>7T Ty
us T
2\ (z—y)2+ 2

and t € (0,00,/Zy). For negative p this holds for every t > 0; for positive p,
u? /(14 u?)#*+1/2 is decreasing if u > /2. Hence it is sufficient that

U(J:g(i \/_7

+12 =

ie.

T, 1
L
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whenever ¢ < §p,/Ty. The following lemma states the existence of such a g
(this only makes sense for positive u).

LEMMA 5.3: For u positive, there exist a > 1 and §9 = do(u, a) such that for
x/a <y <azx, ift € (0,00,/Ty), then

™21 9
t < (§> ZzyfIx—yI,

Proof: We would like to have

™

21
t < G0/ < \/(5) o
for z/a <y < azx. The inequality holds if and only if

m™\2 1
2 +y? < (2+ (§> m—éé)x(y.

As z/a <y < az, this is achieved if we can write

7

‘1 21 21

2?4+ y? < (1+a®)2? < —(2+ (E) — 758)392 < <2+ (ﬁ) — — 5(2))zy
a 2/ 2p %

Thus, it is enough to choose a > 1 and §y > 0 with

21
a+a3§2+(g)ﬂ—5§. |

We fix a and §y as in this lemma. Then in Ny,

2
UQH UOH < ’|x—y|2+t2 <C |l‘7y|2+t2

<
T+ = W@y = (o= yP 2+ cag)' 7 = oy

for u > uyg.
Finally,

50 VT p-1 50/ ¢
1" < c/ dt<C’/ dt
T odo (@) P(r—yP )2 Sy (ey) P -y +17)

< Cay) 210g (1+ ——) < C(Lyalw )"

|z -yl
For the second part,
o a1 00 2 q > dt
19<C v / _ v VN y<c .
sovay (1T —yP+t3)1\ Jo (1+ u?)ut3/2 5oy 1911

C
< —_—
= (wy)e/?
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STEP 4: D: Since for z € (7/2,7), 1 —cosz > 1, we have

& i 21 dz
0 ta <t pt1/2 / (sin z)
| tpu72( z,y)| < (zy) /2 (|x _ y|2 424 xy)u+3/2

Ct
S 2 2 ?
|z —yl2 +t2 4+ xy

and therefore, by proceeding as in (5.6),

0o =1t Ve ¢
to, t q <C < —
[t0epu,2(t, 2z, y)l L (dt/t) = </0 (z —yP + 2 +ch)‘1> =z
< Cqua(:r,y).

5.2 PROOF OF THEOREM 2.4 FOR g ,. The proof of Theorem 2.4 for gi  is
a verbatim repetition of the proof for gz,t in the former section. We leave the
details to the reader and we only sketch some steps. In analogy to the classical

case, gﬁ,zf(x) = ||tAu,wPu,tf($)HL;((o,oo),dt/t)-
LEMMA 5.4: The vector-valued operator tA, . P, is given by the kernel
tA, «pu(t, z,y). Moreover, HtAWEp#(t,z,y)||Lg((07oo)7dt/t) <C/lx -y

LEMMA 5.5: There exists a constant C' > 0 such that

(5.7) [tApapu(t.,y) — 10:Pu(x = y)l| o 0,000t/ X (o 2,20y ) < CHo(2,9),

where H, is the kernel of a bounded operator on LP(0,00), 1 < p < oo.

Proof: It goes along the same line as the proof of Lemma 5.2, by splitting p,,
as pu,1 + pu,2- Then we consider the kernels obtained by replacing successively
sinz by z and 1 — cosz by 2?/2 in the kernel A, ,p,. 1. |

6. Proof of Theorem 2.5
Let us start by going from (i) to (ii).

PROPOSITION 6.1: Let f,g € L?((0,00),dz). Then

= 9 d
(6.1) i/o F(@)g dm—/ / OB )atPu,tg(x)?tdm.

Proof: Choose f,g € C°. According to [9, Lemma 2, p. 23] we have

Puaf(@) = Hy(Hu(Puef()(@) = Hu(e” " Hy f(2)) ().
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Here H,, denotes the Hankel transformation defined by [11, p. 127]

H,(f) () = / " VET I (ey) )y, € (0,00).

Since by [11, Th. 5.4-1] z=#~'/2H,, f is the Schwartz space and the function
V/zJ, (%) is bounded in (0, 00), we can differentiate under the integral sign and

we obtain 5
o Putf (@) = H,(—ze "H, f(2))().

By Theorem 2.4, in the case B = R, g7 ; is bounded on L*(0,00). Hence, we
have

//‘atutf)

Thus we can change the order of integration and, by using the Parseval equality
for the Hankel transforms ([11, Th. 5.1-2]) we obtain

| [P s @ Pugte) s

Hy (2™ H, () (0) Hu(— 20" (=) (2) dadt

[
:/Ooot/ooo e " H, f(z)H,g(z)dzdt
_ / T em,

£ (@) Hag () / " te 2t

1 [ Hs@bewis = [ f@al

The equality holds for any f, g € L?(0,00) by density. |

dt
: —dz < ||g5 ;(F) 220,00 197 (9) | L2 (0,00)

i Pha(@)

< 00.

Assume that B has Lusin type ¢, where 1 < ¢ < 2. Thus, its dual space B* has
Lusin cotype ¢’, and by Theorem 2.4 we have ngl’tgHL,,r(()m) < C’Hg||Lf;(Om).
On the other hand, (6.1) holds for any functions f = X ,, g = Xp with A
and B measurable sets of finite measure in (0,00). Then (6.1) holds for simple
functions f € LE((0,00),dz) and g € x. ((0,00),dz). Thus, by duality and
Holder we obtain || f[|Lr(0,00) < Cllg):.+fllLr(0,00) for simple functions, and by
the density of these functions, we get it for any function f € LE((0,00), dz).
This is the end of (i) implies (ii) of Theorem 2.5.
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Now we shall prove (ii) implies (i) of Theorem 2.5 by using the next Propo-
sition 6.2. Let B be a Banach space and 1 < ¢ < 2. We define

A = LE((0,00), dt/2).

A function in A is a two-variable function, namely h(t, z), t,z € (0,00). Let us
consider the operator

Qunta) = [t [T @, ne i, e 0.0,

for suitable functions h.

PROPOSITION 6.2: Let B be a Banach space and 1 < p,q < oco. The operator
9y © Q. extends boundedly as an operator from L (0, 00) into LP(0,00).

In order to clarify the reading of the paper, we postpone the proof of this
proposition until the end of the argument.

Proof of Theorem 2.5, (ii) implies (i): Let 1 < p < oo and 1 < ¢ < 2 such
that

£l 22 0,00) < Cllgpee (Nl Lr(0.00)-

Let f € LE (0,00). We can choose h € Liﬁ((o,m),dt/t), with

IRl (0,00) <1

L1((0,00),dt/t)

and
/ [0 dt
o Doy = [ ]t Pasl D@t )

By changing the order of integration and taking into account the identity
pu(t,z,y) = P,(t,y,x), it follows that for good enough f and h,

/ 0
I Do = [ ] 15 Paal @t e

= /OOO /Ooo t8t</ooop#(t,:r,y)f(y)dy) h(t,z)dxdt

[ 1w [ @ttt ooy

= | rQunt)ay < 111 | Q22000

< Ol oo 9 (@) 20010
< O|‘f|‘LT€;(O7OO)|‘h|‘Lp (0,00) < C”f”Lf;(O,oo)’

LI((0,00),dt/t)
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where in the penultimate inequality we have used Proposition 6.2. Therefore,
B* has Lusin cotype ¢’ and by [10, Corollary 2.6] we conclude that B has Lusin

type q. [ |

Proof of Proposition 6.2: This proof mimics those of the boundedness of the
g} functions and the Riesz transform. Let us write

gz,t(sﬁ)(z) = Hsas(Pu,s(@)(x))HLq(ds/s) = ||585/ p#(svxay)@(y)dy”Lq(ds/s)-

LEMMA 6.3: Let K, ¢(x,y) be the kernel of the operator: h — s05(P, s(Qh)).
Then || Kst(2, y)ll (pa((0,00),ds/5), L4 ((0,00),at/8)) < C/17 = yl.

Proof: Let h be a B-valued continuous function with compact support in
(0,00) x (0,00). Note that

505(Py,s(Quh)(z)) = /OOo $0spu(s,x,y / / O¢(pu(t,y, 2))h(t, z)dzdtdy.

Hence o
Ks,t(zaz) = / Sasp,u(sazay)tatp,u(tayaz)dy'

By the formula for kernels of a semigroup

][ Pu(s, 2, y)pu(t,y, 2)dy = pu(s +t, 2, 2),
0

hence
K, (z, z)
102, (0, s
=5tz [Mu(xz)wl/? /7r (sin v)**dv ”
m (J# — 2|2 + u? + 222(1 — cosw))#+3/2 || _ .,

:stw(acz)““/2 [ —6(n+3/2)
m

X/” (s + t)(sinv)?*dv
o (lz—z2+(

+ (s +1)2 + 222(1 — cosv))H+5/2
(s +t)3(sinv)?*dv
s+ 1)2 + 2x2(1 — cosv))Ht7/2

+4(u+3/2)(u+5/2)/

o (Jo—z2+(
:(K;t +K§t)(:r,z).

First, let us note that |KZ,(z,y)| < C|K} (x,y)|. By (5.3)

Cst(s +1) < st
(lz—yP+(s+02)?2 7 (lz—yl+s+1)%

|K;,t(zay)| < Sataxay € (0,00)
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Therefore,
[e'e] [e%e] , dt Q/q/ds o] [e'e] st
/ (/ |Ks7t($ay)|q _) — < / / 3
0 0 t s 0 o |(lz—yl+s+1)

C

< .
|z — gyl

t

Q/dt Q/qlds
_) &

In order to use Theorem 3.5, we consider K ((z,y) as the kernel of an operator

ds dt
L4((0,50)50) = L4((0,50) 5);
its norm is less than || K ¢(%, Y)[| (£a((0,00),ds/s), L ((0,00).dt/1))- L hen we introduce
the analogue of @), in the classical euclidean case. Following [5], we define

mmmlm@awmwm%,xeﬁ

Q(h) is well defined for functions h in a dense family of L% (R), for instance,
compactly supported functions on R x R;. We write

9 (Qh)(x) = [|s0s(Ps * (Qh))()]| La(as/s)-

In [5, Theorem 3.2] it is proved that ||g{(Q(h))|r@) < Cpql
sequently, the map h — ¢/(Q(h)) extends to a bounded map from L% (R) to
LP(R). We write

hHLf(R)' COD—

97 (Qh)(x) = ||50s Ps * (Qh) ()| L ((0,00).ds/s)-
The vector-valued operator s9s Ps * (Qh)(x) is given by the kernel
12st(s+1t)((s +1)? — 3|z — y|?)
T (e —yP+ (s + )2
Moreover, as K, .(z,y), the kernel Hy ;(z,y) defines a bounded operator from
L((0,00),dt/t) into L((0,00),ds/s) with norm less than C/|z — y|.

Hs,t(xay) =

LEMMA 6.4: There exists a constant C' > 0 such that

1 5s,t(2,y) = Hse(z,y) ((O,oo)yds/s)X(I/z,QI) (y) < CMy(2,y),

e,
L9 ((0,00),dt/t)

where M, is the kernel of a bounded operator on L?(0,00), 1 < p < cc.

Proof: We can proceed as in the proofs of Lemmas 5.2 and 5.5: we write
K. = K}, + K2, by splitting the integral in K, at m/2. We replace sin z by
zin K, and then 1 — cos z by 2%/2. |
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